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这个花纹是怎么来的？













车轮是朝哪个方向转动的？
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从频率的角度思考
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让·巴普蒂斯·约瑟夫·傅里叶
（1768-1830）
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“…作者得出这些方程的方式并不是没有困难
的，而且他对这些方程进行整合的分析仍然
在一般性甚至严谨性方面留下了一些不足之
处。”

——科学院奖委员会
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−𝜋

𝜋
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𝐹 𝜔 = න
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−𝜋

𝜋
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sin 𝜔𝑖𝑥 , sin 𝜔𝑗𝑥 = න

−𝜋

𝜋
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cos 𝜔𝑖𝑥 , cos 𝜔𝑗𝑥 = න

−𝜋

𝜋

cos 𝜔𝑖𝑥 cos 𝜔𝑗𝑥 𝑑𝑥 = 𝜋𝛿𝑖𝑗

𝛿𝑖𝑗 = ቊ
1, if 𝑖 = 𝑗
0, if 𝑖 ≠ 𝑗
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傅里叶逆变换𝐹 𝜔 𝑓 𝑥



傅里叶逆变换𝐹 𝜔 𝑓 𝑥



𝑓 𝑥 = න

−∞

∞

𝐹 𝜔 𝑒𝑖2𝜋𝜔𝑥𝑑𝜔

其中

𝑒𝑖2𝜋𝜔𝑥 = cos 2𝜋𝜔𝑥 + 𝑖 sin 2𝜋𝜔𝑥



𝑓 𝑥 = න

−∞

∞

𝐹 𝜔 𝑒𝑖2𝜋𝜔𝑥𝑑𝜔

其中

𝑒𝑖2𝜋𝜔𝑥 = cos 2𝜋𝜔𝑥 + 𝑖 sin 2𝜋𝜔𝑥













⋮



⋮ ( )𝐹 𝜔1

𝐹 𝜔2

⋮



⋮ ( )𝐹 𝜔1

𝐹 𝜔2

⋮ ( )=
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𝑓 𝑥 = න

−∞

∞
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vs.
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∞
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vs. 𝐮 =෍ 𝐮 ∙ 𝐞𝑖 𝐞𝑖
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∞

𝐹 𝜔 𝑒𝑖2𝜋𝜔𝑥𝑑𝜔

vs. 𝐮 =෍ 𝐮 ∙ ഥ𝐞𝑖 𝐞𝑖



𝑓 𝑥



𝐹 𝜔 = න

−∞

∞

𝑓 𝑥 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥
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∞
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∞
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∞
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2D怎么办？





𝜔𝑥

𝜔𝑦



𝜔𝑥

𝜔𝑦



𝜔𝑥

𝜔𝑦



𝜔𝑥

𝜔𝑦



𝜔𝑥

𝜔𝑦

水平变化



𝜔𝑥

𝜔𝑦

垂直变化

垂直变化



𝜔𝑥

𝜔𝑦



𝜔𝑥

𝜔𝑦







𝐹 𝜔𝑥, 𝜔𝑦 = න

−∞

∞

න

−∞

∞

𝑓 𝑥, 𝑦 𝑒−𝑖2𝜋 𝜔𝑥𝑥+𝜔𝑦𝑦 𝑑𝑥𝑑𝑦



𝑓 𝑥, 𝑦 = න

−∞

∞

න

−∞

∞

𝐹 𝜔𝑥 , 𝜔𝑦 𝑒𝑖2𝜋 𝜔𝑥𝑥+𝜔𝑦𝑦 𝑑𝜔𝑥𝑑𝜔𝑦







DFT
Discrete Fourier Transform

离散傅里叶变换



𝐹 𝑢, 𝑣 = ෍

𝑥=0

𝑀−1

෍

𝑦=0

𝑁−1

𝑓 𝑥, 𝑦 𝑒
−𝑖2𝜋 𝑥

𝑢
𝑀+𝑦

𝑣
𝑁

其中

𝑢 = 0,… ,𝑀 − 1
𝑣 = 0,… ,𝑁 − 1



𝑓 𝑥, 𝑦 =
1

𝑀𝑁
෍

𝑢=0

𝑀−1

෍

𝑣=0

𝑁−1

𝐹 𝑢, 𝑣 𝑒
𝑖2𝜋 𝑥

𝑢
𝑀+𝑦

𝑣
𝑁

其中

𝑢 = 0,… ,𝑀 − 1
𝑣 = 0,… ,𝑁 − 1
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DFT幅度



DFT幅度

𝜔𝑥

𝜔𝑦



DFT幅度

𝜔𝑥

𝜔𝑦

低频



DFT幅度

高频

𝜔𝑥

𝜔𝑦
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DFT幅度











森林



森林 街道 室内











Python时间



>>> im = cv2.imread('lena.png', cv2.IMREAD_GRAYSCALE)
>>> im_fft = np.fft.fft2(im.astype(float))
>>> im_fft[0, 0] = 0
>>> im_fft = np.log(1 + np.abs(im_fft))

>>> im_fft = cv2.normalize(im_fft, None, 0, 255,

cv2.NORM_MINMAX, dtype=cv2.CV_8U)

>>> cv2.imshow('fft', np.fft.fftshift(im_fft)), cv2.waitKey(0)
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>>> I1 = cv2.imread('cuc-garden.png', cv2.IMREAD_GRAYSCALE)
>>> I2 = cv2.imread('cuc-gate.png', cv2.IMREAD_GRAYSCALE)
>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))



>>> I1 = cv2.imread('cuc-garden.png', cv2.IMREAD_GRAYSCALE)
>>> I2 = cv2.imread('cuc-gate.png', cv2.IMREAD_GRAYSCALE)
>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))
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>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
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>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))
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>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))



𝐴𝑒𝑖𝑘 = 𝐴 cos 𝑘 + 𝑖 sin 𝑘



>>> I1 = cv2.imread('cuc-garden.png', cv2.IMREAD_GRAYSCALE)
>>> I2 = cv2.imread('cuc-gate.png', cv2.IMREAD_GRAYSCALE)
>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))



>>> I1 = cv2.imread('cuc-garden.png', cv2.IMREAD_GRAYSCALE)
>>> I2 = cv2.imread('cuc-gate.png', cv2.IMREAD_GRAYSCALE)
>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))



>>> I1 = cv2.imread('cuc-garden.png', cv2.IMREAD_GRAYSCALE)
>>> I2 = cv2.imread('cuc-gate.png', cv2.IMREAD_GRAYSCALE)
>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))



>>> I1 = cv2.imread('cuc-garden.png', cv2.IMREAD_GRAYSCALE)
>>> I2 = cv2.imread('cuc-gate.png', cv2.IMREAD_GRAYSCALE)
>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))



>>> I1 = cv2.imread('cuc-garden.png', cv2.IMREAD_GRAYSCALE)
>>> I2 = cv2.imread('cuc-gate.png', cv2.IMREAD_GRAYSCALE)
>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))



>>> I1 = cv2.imread('cuc-garden.png', cv2.IMREAD_GRAYSCALE)
>>> I2 = cv2.imread('cuc-gate.png', cv2.IMREAD_GRAYSCALE)
>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))



>>> I1 = cv2.imread('cuc-garden.png', cv2.IMREAD_GRAYSCALE)
>>> I2 = cv2.imread('cuc-gate.png', cv2.IMREAD_GRAYSCALE)
>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))



>>> I1 = cv2.imread('cuc-garden.png', cv2.IMREAD_GRAYSCALE)
>>> I2 = cv2.imread('cuc-gate.png', cv2.IMREAD_GRAYSCALE)
>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))



>>> I1 = cv2.imread('cuc-garden.png', cv2.IMREAD_GRAYSCALE)
>>> I2 = cv2.imread('cuc-gate.png', cv2.IMREAD_GRAYSCALE)
>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))



>>> I1 = cv2.imread('cuc-garden.png', cv2.IMREAD_GRAYSCALE)
>>> I2 = cv2.imread('cuc-gate.png', cv2.IMREAD_GRAYSCALE)
>>> I1_fft = np.ftt.fft2(I1.astype(float))
>>> I2_fft = np.ftt.fft2(I2.astype(float))
>>> abs1_phase2 = np.abs(I1_fft)*np.exp(1j*np.angle(I2_fft))
>>> abs2_phase1 = np.abs(I2_fft)*np.exp(1j*np.angle(I1_fft))
>>> I_abs1_phase2 = np.real(np.fft.ifft2(abs1_phase2))
>>> I_abs2_phase1 = np.real(np.fft.ifft2(abs2_phase1))



Python时间



输入图像



DFT幅度



DFT幅度



低通滤波后



输入图像



DFT幅度



DFT幅度



高通滤波后



FFT
Fast Fourier Transform
快速傅里叶变换



詹姆斯·威廉·库利
(1926-)

约翰·怀尔德·图基
(1915-2000)



卡尔·弗里德里希·高斯



离散傅里叶变换的时间复杂度
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快速傅里叶变换的时间复杂度

𝑂 𝑁 log𝑁







1965: James Cooley of the IBM T.J. Watson Research Center and John Tukey of Princeton 

University and AT&T Bell Laboratories unveil the fast Fourier Transform.
Easily the most far-reaching algo-rithm in applied mathematics, the FFT revolutionized

signal processing. The underlying idea goes back to Gauss (who needed to calculate orbits 

of asteroids), but it was the Cooley–Tukey paper that made it clear how easily Fourier 

transforms can be computed. Like Quicksort, the FFT relies on a divide-and-conquer 

strategy to reduce an ostensibly O(N 2) chore to an O(N log N) frolic. But unlike Quick- sort, 

the implementation is (at first sight) nonintuitive and less than straightforward. This in itself 

gave computer science an impetus to investigate the inherent complexity of computational 

problems and algorithms.
James Cooley John Tukey
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梳状滤波器用于
采样连续函数



傅里叶变换性质
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