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运动场
方程

𝑢 =
1

𝑍
𝑥𝑡𝑧 − 𝑡𝑥 + 𝜔𝑥 𝑥𝑦 − 𝜔𝑦 𝑥2 + 1 + 𝜔𝑧 𝑦

𝑣 =
1

𝑍
𝑦𝑡𝑧 − 𝑡𝑦 + 𝜔𝑥 𝑦2 + 1 − 𝜔𝑦 𝑥𝑦 − 𝜔𝑧 𝑥
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鸣谢：Ryerson Multimedia Research Lab



HTC Vive



HTC灯塔



CAVE

鸣谢：Ryerson Multimedia Research Lab



动作捕捉



三角测量



𝐨1 𝐨2

𝐏

𝐩1 𝐩2

相机1 相机2
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和相机模型𝐩 = Π 𝐏

估计相机的“姿态”，即相机模型参数
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𝐙𝐖 = diag 1,1,0

𝐙𝐖T = − diag 1,1,0

代入𝐄 = 𝐔𝐙𝐔T𝐑

𝐄 = 𝐔 diag 1,1,0 𝐖T𝐔T𝐑

或

𝐄 = 𝐔 diag 1,1,0 −𝐖𝐔T𝐑
正交矩阵

改写

𝐄 = 𝐔 diag 1,1,0 𝐕T



𝐄 = 𝐔 diag 1,1,0 𝐕T



𝐄 = 𝐔 diag 1,1,0 𝐕T

代入𝐙𝐖 = diag 1,1,0



𝐄 = 𝐔 diag 1,1,0 𝐕T

代入𝐙𝐖 = diag 1,1,0

𝐄 = 𝐔𝐙𝐖𝐕T



𝐄 = 𝐔 diag 1,1,0 𝐕T

代入𝐙𝐖 = diag 1,1,0

𝐄 = 𝐔𝐙𝐖𝐕T

我们有：

𝐄 = 𝐭× 𝐑 = 𝐔𝐙𝐔T 𝐑



𝐄 = 𝐔 diag 1,1,0 𝐕T

代入𝐙𝐖 = diag 1,1,0

𝐄 = 𝐔𝐙𝐖𝐕T

我们有：

𝐄 = 𝐭× 𝐑 = 𝐔𝐙𝐔T 𝐑

对比



𝐄 = 𝐔 diag 1,1,0 𝐕T

代入𝐙𝐖 = diag 1,1,0

𝐄 = 𝐔𝐙𝐖𝐕T

我们有：

𝐄 = 𝐭× 𝐑 = 𝐔𝐙𝐔T 𝐑

对比

𝐑𝟏 = 𝐔𝐖𝐕T



𝐄 = 𝐔 diag 1,1,0 𝐕T

代入𝐙𝐖 = diag 1,1,0

𝐄 = 𝐔𝐙𝐖𝐕T

我们有：

𝐄 = 𝐭× 𝐑 = 𝐔𝐙𝐔T 𝐑

对比

我们又有：

𝐙𝐖T = − diag 1,1,0

𝐑𝟏 = 𝐔𝐖𝐕T



𝐄 = 𝐔 diag 1,1,0 𝐕T

代入𝐙𝐖 = diag 1,1,0

𝐄 = 𝐔𝐙𝐖𝐕T

我们有：

𝐄 = 𝐭× 𝐑 = 𝐔𝐙𝐔T 𝐑

对比

我们又有：

𝐙𝐖T = − diag 1,1,0

𝐑𝟏 = 𝐔𝐖𝐕T

并服从如下约束：

det 𝐑 = 1



𝐄 = 𝐔 diag 1,1,0 𝐕T

代入𝐙𝐖 = diag 1,1,0

𝐄 = 𝐔𝐙𝐖𝐕T

我们有：

𝐄 = 𝐭× 𝐑 = 𝐔𝐙𝐔T 𝐑

对比

我们又有：

𝐙𝐖T = − diag 1,1,0

𝐑𝟏 = 𝐔𝐖𝐕T

并服从如下约束：

det 𝐑 = 1

同理



𝐄 = 𝐔 diag 1,1,0 𝐕T

代入𝐙𝐖 = diag 1,1,0

𝐄 = 𝐔𝐙𝐖𝐕T

我们有：

𝐄 = 𝐭× 𝐑 = 𝐔𝐙𝐔T 𝐑

对比

我们又有：

𝐙𝐖T = − diag 1,1,0

𝐑𝟏 = 𝐔𝐖𝐕T

并服从如下约束：

det 𝐑 = 1

同理

𝐑𝟐 = 𝐔𝐖T𝐕T



𝐄 = 𝐔 diag 1,1,0 𝐕T

代入𝐙𝐖 = diag 1,1,0

𝐄 = 𝐔𝐙𝐖𝐕T

我们有：

𝐄 = 𝐭× 𝐑 = 𝐔𝐙𝐔T 𝐑

对比

我们又有：

𝐙𝐖T = − diag 1,1,0

𝐑𝟏 = 𝐔𝐖𝐕T

并服从如下约束：

det 𝐑 = 1

同理

𝐑𝟐 = 𝐔𝐖T𝐕T



𝐭× = 𝐔𝐙𝐔T



𝐭× = 𝐔𝐙𝐔T

我们有：

𝐭× 𝐭 = 𝟎



𝐭× = 𝐔𝐙𝐔T

我们有：

𝐭× 𝐭 = 𝟎



𝐭× = 𝐔𝐙𝐔T

我们有：

𝐭× 𝐭 = 𝟎



𝐭× = 𝐔𝐙𝐔T

我们有：

𝐭× 𝐭 = 𝟎

考虑一个尺度因子𝜆 = ±1：



𝐭× = 𝐔𝐙𝐔T

我们有：

𝐭× 𝐭 = 𝟎

考虑一个尺度因子𝜆 = ±1：

𝐭1 = 𝐮3

𝐭2 = −𝐮3



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3

𝐩1 𝐩2

𝐨1 𝐨2

𝐏

𝐑1|𝐭1



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3

𝐩1 𝐩2

𝐨1 𝐨2

𝐏

𝐑1|𝐭1



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3

𝐩1 𝐩2

𝐨1 𝐨2

𝐏

𝐑1|𝐭1



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3

𝐩1 𝐩2

𝐨1 𝐨2

𝐏

𝐨2 𝐨1

𝐏

𝐩2 𝐩1

𝐑1|𝐭1

𝐑1|𝐭2



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3

𝐩1 𝐩2

𝐨1 𝐨2

𝐏

𝐨2 𝐨1

𝐏

𝐩2 𝐩1

𝐑1|𝐭1

𝐑1|𝐭2



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3

𝐩1 𝐩2

𝐨1 𝐨2

𝐏

𝐨2 𝐨1

𝐏

𝐩2 𝐩1

𝐑1|𝐭1

𝐑1|𝐭2



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3

𝐏

𝐩1

𝐩2

𝐨1 𝐨2

𝐩1 𝐩2

𝐨1 𝐨2

𝐏

𝐑1|𝐭1

𝐑2|𝐭1

𝐨2 𝐨1

𝐏

𝐩2 𝐩1

𝐑1|𝐭2



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3

𝐏

𝐩1

𝐩2

𝐨1 𝐨2

𝐩1 𝐩2

𝐨1 𝐨2

𝐏

𝐨2 𝐨1

𝐏

𝐩2 𝐩1

𝐑1|𝐭1

𝐑1|𝐭2

𝐑2|𝐭1



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3

𝐏

𝐩1

𝐩2

𝐨1 𝐨2

𝐩1 𝐩2

𝐨1 𝐨2

𝐏

𝐨2 𝐨1

𝐏

𝐩2 𝐩1

𝐨2 𝐨1

𝐩1

𝐩2

𝐏
𝐑1|𝐭1

𝐑1|𝐭2

𝐑2|𝐭1

𝐑2|𝐭2



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3

𝐏

𝐩1

𝐩2

𝐨1 𝐨2

𝐩1 𝐩2

𝐨1 𝐨2

𝐏

𝐨2 𝐨1

𝐏

𝐩2 𝐩1

𝐨2 𝐨1

𝐩1

𝐩2

𝐏
𝐑1|𝐭1

𝐑1|𝐭2

𝐑2|𝐭1

𝐑2|𝐭2



𝐑𝟏 = 𝐔𝐖𝐕T

𝐑𝟐 = 𝐔𝐖T𝐕T

𝐭1 = 𝐮3

𝐭2 = −𝐮3

𝐩1 𝐩2

𝐨1 𝐨2

𝐏

𝐨2 𝐨1

𝐩1

𝐩2

𝐏
𝐑1|𝐭1

𝐑2|𝐭2

𝐏

𝐩1

𝐩2

𝐨1 𝐨2

𝐑2|𝐭1

𝐨2 𝐨1

𝐏

𝐩2 𝐩1

𝐑1|𝐭2



如果世界表面为平面，或平移分量太小，
本质/基础矩阵退化



如果世界表面为平面，或平移分量太小，
本质/基础矩阵退化
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𝐱𝑖 = 𝑥𝑖 , 𝑦𝑖



𝐱𝑖 = 𝑥𝑖 , 𝑦𝑖 𝜔
𝑥𝑖

′

𝑦𝑖
′

1

= 𝐇
𝑥𝑖

𝑦𝑖

1



𝜔
𝑥𝑖

′

𝑦𝑖
′

1

= 𝐇
𝑥𝑖

𝑦𝑖

1



𝜔
𝑥𝑖

′

𝑦𝑖
′

1

= 𝐇
𝑥𝑖

𝑦𝑖

1

=

ℎ11 ℎ12 ℎ13
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𝑥𝑖

𝑦𝑖

1



𝜔
𝑥𝑖

′

𝑦𝑖
′

1

= 𝐇
𝑥𝑖

𝑦𝑖

1
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ℎ11 ℎ12 ℎ13
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展开



𝜔
𝑥𝑖

′

𝑦𝑖
′

1

= 𝐇
𝑥𝑖

𝑦𝑖

1

=

ℎ11 ℎ12 ℎ13
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ℎ31 ℎ32 ℎ33

𝑥𝑖

𝑦𝑖

1

𝐱𝑖
′ =

ℎ11𝑥𝑖 + ℎ12𝑦𝑖 + ℎ13

ℎ31𝑥𝑖 + ℎ32𝑦𝑖 + ℎ33

ℎ21𝑥𝑖 + ℎ22𝑦𝑖 + ℎ23

ℎ31𝑥𝑖 + ℎ32𝑦𝑖 + ℎ33
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𝐱𝑖
′ =

ℎ11𝑥𝑖 + ℎ12𝑦𝑖 + ℎ13

ℎ31𝑥𝑖 + ℎ32𝑦𝑖 + ℎ33

ℎ21𝑥𝑖 + ℎ22𝑦𝑖 + ℎ23

ℎ31𝑥𝑖 + ℎ32𝑦𝑖 + ℎ33



𝐱𝑖
′ =

ℎ11𝑥𝑖 + ℎ12𝑦𝑖 + ℎ13

ℎ31𝑥𝑖 + ℎ32𝑦𝑖 + ℎ33

ℎ21𝑥𝑖 + ℎ22𝑦𝑖 + ℎ23

ℎ31𝑥𝑖 + ℎ32𝑦𝑖 + ℎ33

𝑥1 𝑦1 1
0 0 0

0 0 0
𝑥1 𝑦1 1

−𝑥1𝑥1
′ −𝑦1𝑥1

′ −𝑥1
′

−𝑥1𝑦1
′ −𝑦1𝑦1

′ −𝑦1
′

⋮
𝑥𝑁 𝑦𝑁 1
0 0 0

0 0 0
𝑥𝑁 𝑦𝑁 1

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑥𝑁
′

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑦𝑁
′

𝐡 = 𝟎



𝑥1 𝑦1 1
0 0 0

0 0 0
𝑥1 𝑦1 1

−𝑥1𝑥1
′ −𝑦1𝑥1

′ −𝑥1
′

−𝑥1𝑦1
′ −𝑦1𝑦1

′ −𝑦1
′

⋮
𝑥𝑁 𝑦𝑁 1
0 0 0

0 0 0
𝑥𝑁 𝑦𝑁 1

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑥𝑁
′

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑦𝑁
′

𝐡 = 𝟎



𝑥1 𝑦1 1
0 0 0

0 0 0
𝑥1 𝑦1 1

−𝑥1𝑥1
′ −𝑦1𝑥1

′ −𝑥1
′

−𝑥1𝑦1
′ −𝑦1𝑦1

′ −𝑦1
′

⋮
𝑥𝑁 𝑦𝑁 1
0 0 0

0 0 0
𝑥𝑁 𝑦𝑁 1

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑥𝑁
′

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑦𝑁
′

𝐡 = 𝟎



𝑥1 𝑦1 1
0 0 0

0 0 0
𝑥1 𝑦1 1

−𝑥1𝑥1
′ −𝑦1𝑥1

′ −𝑥1
′

−𝑥1𝑦1
′ −𝑦1𝑦1

′ −𝑦1
′

⋮
𝑥𝑁 𝑦𝑁 1
0 0 0

0 0 0
𝑥𝑁 𝑦𝑁 1

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑥𝑁
′

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑦𝑁
′

𝐡 = 𝟎



𝑥1 𝑦1 1
0 0 0

0 0 0
𝑥1 𝑦1 1

−𝑥1𝑥1
′ −𝑦1𝑥1

′ −𝑥1
′

−𝑥1𝑦1
′ −𝑦1𝑦1

′ −𝑦1
′

⋮
𝑥𝑁 𝑦𝑁 1
0 0 0

0 0 0
𝑥𝑁 𝑦𝑁 1

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑥𝑁
′

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑦𝑁
′

𝐡 = 𝟎

𝐡∗ = arg min
𝐡

𝐀𝐡 2



𝑥1 𝑦1 1
0 0 0

0 0 0
𝑥1 𝑦1 1

−𝑥1𝑥1
′ −𝑦1𝑥1

′ −𝑥1
′

−𝑥1𝑦1
′ −𝑦1𝑦1

′ −𝑦1
′

⋮
𝑥𝑁 𝑦𝑁 1
0 0 0

0 0 0
𝑥𝑁 𝑦𝑁 1

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑥𝑁
′

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑦𝑁
′

𝐡 = 𝟎

𝐡∗ = arg min
𝐡

𝐀𝐡 2



𝑥1 𝑦1 1
0 0 0

0 0 0
𝑥1 𝑦1 1

−𝑥1𝑥1
′ −𝑦1𝑥1

′ −𝑥1
′

−𝑥1𝑦1
′ −𝑦1𝑦1

′ −𝑦1
′

⋮
𝑥𝑁 𝑦𝑁 1
0 0 0

0 0 0
𝑥𝑁 𝑦𝑁 1

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑥𝑁
′

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑦𝑁
′

𝐡 = 𝟎

𝐡∗ = arg min
𝐡

𝐀𝐡  2 subject to 𝐡 = 1



𝑥1 𝑦1 1
0 0 0

0 0 0
𝑥1 𝑦1 1

−𝑥1𝑥1
′ −𝑦1𝑥1

′ −𝑥1
′

−𝑥1𝑦1
′ −𝑦1𝑦1

′ −𝑦1
′

⋮
𝑥𝑁 𝑦𝑁 1
0 0 0

0 0 0
𝑥𝑁 𝑦𝑁 1

−𝑥𝑁𝑥𝑁
′ −𝑥𝑁𝑥𝑁

′ −𝑥𝑁
′

−𝑥𝑁𝑥𝑁
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Simultaneous Localization and Mapping
同步定位与制图

SLAM





鸣谢：Hypo Lim et al.
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