
计算机视觉

频率分析



本节主题：

傅里叶变换



本节主题：

傅里叶变换
信号混叠
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傅里叶分析
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DFT
Discrete Fourier Transform

离散傅里叶变换



𝐹 𝑢, 𝑣 = ෍

𝑥=0

𝑀−1

෍

𝑦=0

𝑁−1

𝑓 𝑥, 𝑦 𝑒
−𝑖2𝜋 𝑥

𝑢
𝑀+𝑦

𝑣
𝑁

其中

𝑢 = 0, … , 𝑀 − 1
𝑣 = 0, … , 𝑁 − 1



𝑓 𝑥, 𝑦 =
1

𝑀𝑁
෍

𝑢=0

𝑀−1

෍

𝑣=0

𝑁−1

𝐹 𝑢, 𝑣 𝑒
𝑖2𝜋 𝑥

𝑢
𝑀+𝑦

𝑣
𝑁

其中

𝑢 = 0, … , 𝑀 − 1
𝑣 = 0, … , 𝑁 − 1



傅里叶变换对



𝑥

cos 2𝜋𝜔0𝑥

𝜔
−𝜔0 𝜔0

1

2
𝛿 𝜔 − 𝜔0 + 𝛿 𝜔 + 𝜔0

cos 2𝜋𝜔0𝑥 =
1

2
𝑒𝑖2𝜋𝜔0𝑥 + 𝑒−𝑖2𝜋𝜔0𝑥



𝑥

sin 2𝜋𝜔0𝑥

𝜔
−𝜔0

𝜔0

1

2
𝑖 𝛿 𝜔 + 𝜔0 − 𝛿 𝜔 − 𝜔0

𝑖

sin 2𝜋𝜔0𝑥 =
1

2𝑖
𝑒𝑖2𝜋𝜔0𝑥 − 𝑒−𝑖2𝜋𝜔0𝑥



𝑥

𝑥

𝑓 𝑥 = 𝛿 𝑥

𝐹 𝜔 = 1



𝑔 𝑥 =
1

2𝜋𝜎
𝑒

−
𝑥2

2𝜎2

𝜔

𝑥

𝐺 𝜔 = 𝑒−
2𝜋𝜔 2𝜎2

2



box 𝑥

sinc 𝜔



𝑀

1

𝑀

comb 𝑥 = ෍

𝑘=−∞

∞

𝛿 𝑥 − 𝑘𝑀

comb 𝜔 =
1

𝑀
෍

𝑘=−∞

∞

𝛿 𝜔 − 𝑘
1

𝑀



空间域 频域

𝑐1𝐹 𝜔 + 𝑐2𝐺 𝜔𝑐1𝑓 𝑥 + 𝑐2𝑔 𝑥线性

缩放 𝑓 𝑎𝑥
1

𝑎
𝐹

𝜔

𝑎

移位 𝑓 𝑥 − 𝑥0 𝑒−𝑖2𝜋𝜔𝑥0𝐹 𝜔

微分
𝑑𝑛𝑓 𝑥

𝑑𝑥𝑛
𝑖2𝜋𝜔 𝑛𝐹 𝜔

卷积 𝑓 𝑥 ∗ 𝑔 𝑥 𝐹 𝜔 𝐺 𝜔



空间域 频域

𝑐1𝐹 𝜔 + 𝑐2𝐺 𝜔𝑐1𝑓 𝑥 + 𝑐2𝑔 𝑥线性

缩放 𝑓 𝑎𝑥
1

𝑎
𝐹

𝜔

𝑎

移位 𝑓 𝑥 − 𝑥0 𝑒−𝑖2𝜋𝜔𝑥0𝐹 𝜔

微分
𝑑𝑛𝑓 𝑥

𝑑𝑥𝑛
𝑖2𝜋𝜔 𝑛𝐹 𝜔

卷积 𝑓 𝑥 ∗ 𝑔 𝑥 𝐹 𝜔 𝐺 𝜔



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

න

−∞

∞

𝑓 𝜏 𝑔 𝑥 − 𝜏 𝑑𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

න

−∞

∞

𝑓 𝜏 𝑔 𝑥 − 𝜏 𝑑𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

න

−∞

∞

𝑓 𝜏 𝑔 𝑥 − 𝜏 𝑑𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

න

−∞

∞

𝑓 𝜏 𝑔 𝑥 − 𝜏 𝑑𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥

改变积分顺序



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

න

−∞

∞

𝑓 𝜏 𝑔 𝑥 − 𝜏 𝑑𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥

改变积分顺序

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

න

−∞

∞

𝑓 𝜏 𝑔 𝑥 − 𝜏 𝑑𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥

改变积分顺序

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

න

−∞

∞

𝑓 𝜏 𝑔 𝑥 − 𝜏 𝑑𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥

改变积分顺序

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏



空间域 频域

𝑓 𝑥 − 𝑥0移位 𝑒−𝑖2𝜋𝜔𝑥0𝐹 𝜔



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

න

−∞

∞

𝑓 𝜏 𝑔 𝑥 − 𝜏 𝑑𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥

改变积分顺序

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

න

−∞

∞

𝑓 𝜏 𝑔 𝑥 − 𝜏 𝑑𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥

改变积分顺序

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

න

−∞

∞

𝑓 𝜏 𝑔 𝑥 − 𝜏 𝑑𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥

改变积分顺序

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏

移位定理



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏

移位定理

= න

−∞

∞

𝑓 𝜏 𝑒−𝑖2𝜋𝜔𝜏𝐺 𝜔 𝑑𝜏



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏

移位定理

= න

−∞

∞

𝑓 𝜏 𝑒−𝑖2𝜋𝜔𝜏𝐺 𝜔 𝑑𝜏

提出公因子



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏

移位定理

= න

−∞

∞

𝑓 𝜏 𝑒−𝑖2𝜋𝜔𝜏𝐺 𝜔 𝑑𝜏

提出公因子

= 𝐺 𝜔 න

−∞

∞

𝑓 𝜏 𝑒−𝑖2𝜋𝜔𝜏𝑑𝜏



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏

= 𝐺 𝜔 න

−∞

∞

𝑓 𝜏 𝑒−𝑖2𝜋𝜔𝜏𝑑𝜏



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏

= 𝐺 𝜔 න

−∞

∞

𝑓 𝜏 𝑒−𝑖2𝜋𝜔𝜏𝑑𝜏



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏

= 𝐺 𝜔 න

−∞

∞

𝑓 𝜏 𝑒−𝑖2𝜋𝜔𝜏𝑑𝜏



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏

= 𝐺 𝜔 න

−∞

∞

𝑓 𝜏 𝑒−𝑖2𝜋𝜔𝜏𝑑𝜏



𝐹 𝑓 𝑥 ∗ 𝑔 𝑥 𝜔 = 𝐹 𝜔 𝐺 𝜔证明：

𝐹 𝑓 ∗ 𝑔 𝜔

= න

−∞

∞

𝑓 𝜏 න

−∞

∞

𝑔 𝑥 − 𝜏 𝑒−𝑖2𝜋𝜔𝑥𝑑𝑥 𝑑𝜏

= 𝐺 𝜔 න

−∞

∞

𝑓 𝜏 𝑒−𝑖2𝜋𝜔𝜏𝑑𝜏

= 𝐹 𝜔 𝐺 𝜔



𝑥 𝑡
𝑋 𝜔

傅里叶分析



𝑥 𝑡
𝑋 𝜔

傅里叶分析

𝐻 𝜔



𝑥 𝑡
𝑋 𝜔 𝑌 𝜔

傅里叶分析

𝐻 𝜔



𝑥 𝑡
𝑋 𝜔 𝑌 𝜔

傅里叶分析

𝐻 𝜔

𝑌 𝜔 = 𝐻 𝜔 𝑋 𝜔



𝑥 𝑡 𝑦 𝑡
𝑋 𝜔 𝑌 𝜔

傅里叶分析 傅里叶合成

𝐻 𝜔

𝑌 𝜔 = 𝐻 𝜔 𝑋 𝜔



𝑂 𝑁2

卷积的时间复杂度



快速傅里叶变换的时间复杂度

𝑂 𝑁 log 𝑁



空间域 𝑓 𝑔 ℎ∗ =



空间域

FT FT

𝑓 𝑔 ℎ∗ =



空间域

频域

FT FT

𝑓 𝑔 ℎ

𝐹 𝐺

∗ =



空间域

频域

FT FT

𝑓 𝑔 ℎ

𝐹 𝐺

∗ =

×



空间域

频域

FT FT

𝑓 𝑔 ℎ

𝐹 𝐻𝐺

∗ =

× =



空间域

频域

FT FT IFT

𝑓 𝑔 ℎ

𝐹 𝐻𝐺

∗ =

× =



𝑂 𝑁2

卷积的时间复杂度

𝑂 𝑁 log 𝑁vs.

基于FFT的卷积时间复杂度



空间域

卷积定理实例



空间域 频域

∗ ×



空间域 频域



Python时间



空间域

频域

FT FT IFT

𝑓 𝑔 ℎ

𝐹 𝐻𝐺

∗ =

× =



im = cv2.imread('colosseum.jpg', cv2.IMREAD_GRAYSCALE)

im = im.astype(float)/255

sigma = 10

width = 2*sigma*3+1

f = cv2.getGaussianKernel(width, sigma)

f = f @ f.T

f = np.pad(f, ((0, im.shape[0] - width), (0, im.shape[1] - width)))

f = np.roll(f, shift=-3*sigma, axis=(0, 1))

im_dft = np.fft.fft2(im, im.shape)

f_dft = np.fft. fft2(f, im.shape)

im_f_dft = im_dft * f_dft

im_f = np.real(np.fft.ifft2(im_f_dft))

im_f = cv2.normalize(im_f, None, 0, 255,

                                   cv2.NORM_MINMAX, dtype=cv2.CV_8U)

cv2.imshow('Frequency Domain Filtering', im_f), cv2.waitKey(0)



im = cv2.imread('colosseum.jpg', cv2.IMREAD_GRAYSCALE)

im = im.astype(float)/255

sigma = 10

width = 2*sigma*3+1

f = cv2.getGaussianKernel(width, sigma)

f = f @ f.T

f = np.pad(f, ((0, im.shape[0] - width), (0, im.shape[1] - width)))

f = np.roll(f, shift=-3*sigma, axis=(0, 1))

im_dft = np.fft.fft2(im, im.shape)

f_dft = np.fft. fft2(f, im.shape)

im_f_dft = im_dft * f_dft
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陷波滤波频谱
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这个混叠是怎么来的？
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如果我们降低采样率
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如何避免

混叠？



步骤1
调整采样率



















步骤2
预滤波图像



去除一些高频成分



去除一些高频成分







透镜起到低通滤波器的作用



车轮是朝哪个方向转动的？
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火车在朝着哪个方向运动？









这是怎么做到的？



Hybrid images

Antonio Torralba† 

MIT-CSAIL
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Figure 1: A hybrid image is a picture that combines the low-spatial frequencies of one picture with the high spatial frequencies of another

picture producing an image with an interpretation that changes with viewing distance. In this figure, the people may appear sad, up close, but

step back a few meters and look at the expressions again.

Abstract

We present hybrid images, a technique that produces static images

with two interpretations, which change as a function of viewing

distance. Hybrid images are based on the multiscale processing of

images by the human visual system and are motivated by masking

studies in visual perception. These images can be used to create

compelling displays in which the image appears to change as the

viewing distance changes. We show that by taking into account

perceptual grouping mechanisms it is possible to build compelling

hybrid images with stable percepts at each distance. We show ex-

amples in which hybrid images are used to create textures that be-

come visible only when seen up-close, to generate facial expres-

sions whose interpretation changes with viewing distance, and to

visualize changes over time within a single picture.

Keywords: Hybrid images, human perception, scale space

1 Introduction age is composed by adding these two filtered images. Note that

hybrid images are a different technique than picture mosaics [Sil-
vers 1997]. Picture mosaics have two interpretations: a local one

in which the faces displayed different emotions. High spatial fre-

quencies correspond to faces with ”sad” expressions. Low spatial

frequencies correspond to the same faces with ”happy” and ”sur-

prise” emotions (i.e., the emotions are, from left to right: happy,

surprise, happy and happy). To switch from one interpretation to

the other one can step away a few meters from the picture.

Artists have effectively employed low spatial frequency manipu-

lation to elicit a percept that changes when relying on peripheral

vision (e.g., [Livingstone 2000; Dali 1996]). Inspired by this work,

Setlur and Gooch [2004] propose a technique that creates facial im-

ages with conflicting emotional states at different spatial frequen-

cies. The images produce subtle expression variations with gaze

changes. In this paper, we demonstrate the effectiveness of hybrid

images in creating images with two very different possible interpre-

tations.

Hybrid images are generated by superimposing two images at two

different spatial scales: the low-spatial scale is obtained by filtering

one image with a low-pass filter; the high spatial scale is obtained

by filtering a second image with a high-pass filter. The final im-

SIGGRAPH, 2006
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蒙太奇拼图

达利幻觉中的林肯
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The Laplacian Pyramid as a Compact Image Code

PETER J. BURT, MEMBER, IEEE, AND EDWARD H. ADELSON

Abstract—We describe a technique for image encoding in which

local operators of many scales but identical shape serve as the basis

functions. The representation differs from established techniques in

that the code elements are localized in spatial frequency as well as in

space.

Pixel-to-pixel correlations are first removed by subtracting a low-

pass filtered copy of the image from the image itself. The result is a net

data compression since the difference, or error, image has low

variance and entropy, and the low-pass filtered image may represented

at reduced sample density. Further data compression is achieved by

quantizing the difference image. These steps are then repeated to

compress the low-pass image. Iteration of the process at appropriately

expanded scales generates a pyramid data structure.

The encoding process is equivalent to sampling the image with

Laplacian operators of many scales. Thus, the code tends to enhance

salient image features. A further advantage of the present code is that

it is well suited for many image analysis tasks as well as for image

compression. Fast algorithms are described for coding and decoding.

does not permit simple sequential coding. Noncausal ap-

proaches to image coding typically involve image transforms,

or the solution to large sets of simultaneous equations. Rather

than encoding pixels sequentially, such techniques encode

them all at once, or by blocks.

Both predictive and transform techniques have advantages.

The former is relatively simple to implement and is readily

adapted to local image characteristics. The latter generally

provides greater data compression, but at the expense of

considerably greater computation.

Here we shall describe a new technique for removing image

correlation which combines features of predictive and trans-

form methods. The technique is noncausal, yet computations

are relatively simple and local.

The predicted value for each pixel is computed as a local

IEEE Transactions on Communications, 1983
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>>> f = (1/16)*np.array([1, 4, 6, 4, 1])  # Binomial filter

>>> tmp = cv2.filter2D(im, -1, f, cv2.BORDER_REFLECT)

>>> im_s = cv2.filter2D(tmp, -1, f.T, cv2.BORDER_REFLECT)

>>> im_s = im_s[::2, ::2]

>>> cv2.imshow('Smooth', im_s), cv2.waitKey(0)
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主要步骤



步骤1
转换颜色空间



输入图像



G

B
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Y

Cb

Cr



步骤2
重采样色彩通道
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步骤3
对每个𝟖 × 𝟖块计算DCT
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在不使用复数的情况下执行DFT



步骤4
量化DCT系数



步骤4
量化DCT系数



步骤5
使用哈夫曼编码进行无损压缩
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